A product estimate, the parabolic Weyl lemma 
and applications 



Joa Weber 
Humboldt University Berlin 



9 October 2009 



Abstract 



We prove a product estimate that allows to estimate the quadratic first 
order nonlinearity of the harmonic map flow in the L p norm. Then the 
parabolic analogue of Weyl's lemma for the Lapace operator is established. 
Both results are applied to prove regularity for the heat flow by parabolic 
bootstrapping. 

1 Introduction and main results 

There are two main results. The first result is a product estimate. It allows 
to estimate the quadratic first order nonlinearity of the harmonic map flow in 
the L p norm instead of the L p / 2 norm - as one expects at first sight. A second 
application, crucial in [We], is to obtain quadratic estimates sharp enough to 
prove a refined implicit function theorem. 

Throughout we identify S 1 = R/Z and think of v e C°°(Mx S 1 ) as a smooth 
function v : R x R — > R which satisfies v(s, t + 1) = v(s, t). 

Theorem 1.1. Fix 2 < p < oo. Then there is a positive constant C p such that 



for all compactly supported smooth maps v, w : (-T, 0] x S 1 — > M fc . 

The second result is a parabolic analogue of the Weyl lemma in the theory 
of elliptic partial differential equations. This seems to be folklore, known to 
experts but hidden - if not nonexistent - in the literature. By H~ we denote 
the closed lower half plane, the set of all reals (s, t) such that s < and (el. 




< C p (\\v\\ p + \\d s v\\ p + \\d t d t v\\ p ) (\\d t w\\ p + \\d t d t w\\ p ) 



Lemma 1.2 (Parabolic Weyl lemma). Let C H be an open subset. If 
u G Lj oc (fl) satisfies 

f u(-d s <f>-d t d t <j>) = o (l) 

for every cf) G Co°(mtQ) ; then u G C°°(fi) and d s u — d t d t u = on fi. 

Notation. For T > T' > abbreviate 

Z = Z T = (-T,0]xS 1 , Z' = Z T / = (-T',0] x S 1 . (2) 

To simplify notation we denote the anisotropic Sobolev spaces W k ' 2k by W k ' p . 
More precisely, fix an integer k > 0, a constant p > 1, and the domain IxS 1 . 
Now set W 0p — L p and denote by W 1,p the set of all u G L p which admit weak 
derivatives d s u, d t u, and d t d t u in L p . For fc > 2 define 

w fe < p = {m e w l p 1 9 s u,a tU ,a t a t u e w k - lp } 

where the derivatives are again meant in the weak sense. The associated norm 

n«iiw*.P =( I E iw«i p ) 

gives W k ' p the structure of a Banach space. Note the difference to (standard) 
Sobolev space W k > p with norm \\u\\ P wk , p = J RxS1 E, +f ,< k I W«| P - 

The parabolic Weyl lemma is the key ingredient to prove part a) of the next 
theorem. The proof of part b) is based on theorem 4.1 the parabolic analogue 
of the Calderon-Zygmund inequality. 

Theorem 1.3 (Interior regularity). Fix constants 1 < q < oo and T > and 

an integer k > 0. Then the following is true. 

a) Ifu G L^Z) and / e Wf ' c 9 (Z) safe/y 

/ u{-d e </>-d t d t <l>) = [ f<t> (3) 

/or every (f> e C °°((-T,0) x ifcen u G Wf+ 1,9 (Z). 

b) For every < T' < T there is a constant c = c(k, q,T — T") such that 

IMIw*+i,«(z') ^ c (\\d s u- d t d t u\\ wk , q{z) + ||ti|| L9(z) ) 

for every u G C°°(Z). 

As an application of theorem 1.1 and theorem 1.3, hence lemma 1.2, we 
prove the following regularity result by parabolic bootstrapping. 
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Theorem 1.4 (Regularity). Fix constants p > 2, > 1, and T > 0. Fix 
a closed smooth submanifold M R N and a smooth family of vector-valued 
symmetric bilinear forms T : M — > i NxArxAf . Assume that F : Z — ► R w is 
a mop of dass L p and u : Z — > 1 N is a W 1 ^ map taking values in M with 
IMjyyi.p < Mo smc/i iftai the perturbed heat equation 

8 s u - d t d t u = T(u) (d t u, d t u) + F (4) 

is satisfied almost everywhere. Then the following is true. For every integer 
k > 1 such that F e W k ' p (Z) and every T" G (0,T) t/iere is a constant c k 
depending on k, p, fiQ, T — T', ||r|j C 2fe+2, and \\F\\ w k 'P(z) such that 

\\ u \\w k+1 -p(z') — Cfe - 

The theorem shows that if F is smooth, then u is smooth on a slightly smaller 
domain. This result is needed in [We] in the case F(s,t) = (grad V(u(s, -))(t) 
where V is a smooth function on the free loop space of M. 
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2 The product estimate 

We prove a version of theorem 1.1 suitable for global analysis. 

Proposition 2.1. Let N be a Riemannian manifold with Levi-Civita connection 
V and Riemannian curvature tensor R. Fix constants 2 < p < oo and cq > 0. 
Then there is a constant C — C(p, c , ||-R||oo) > such that the following holds. 
If u : (a,b] x S 1 — > N is a smooth map such that WdsuW^ + HftuH^ < cq then 

{la l! im lVtXlf dtd& ) ~ C mWl ' P (" + " VtVtX! ' J 

for all smooth compactly supported vector fields £ and X along u. 

Remark 2.2. Proposition 2.1 continues to hold for smooth maps u that are 
defined on the whole cylinder R x S 1 . In this case the (compact) supports of £ 
and X are contained in an interval of the form (a, 6]. 

Lemma 2.3 ([SW, lemma D.4]). Let x e C^iS^M) and p > 1. Then 

for 5 > and smooth vector fields £ along x. Here n p equals pj (p — 1) for p < 2 
and it equals p for p>2. 
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Proof of proposition 2.1. The proof has three steps. Step 2 requires p > 2. 
Abbreviate I = (a, b] and for g,r£ [1, oo] consider the norm 

ll£llg;r : = M\\ Li(I (S 1 )) ■ 

Step 1. Fke reafe a > 1 and q,r 7 q',r' e [a, oo] smc/i ffcai ^ + £ = ^ and 
J, + J, = I. T/ien 

ll/5ll Q <ll/IUNI rV 

/or all functions f,g E C°°(I x S 1 ). 

Let / s (t) := f(s,t). Apply Holder's inequality twice to obtain 
Wf9\\la lIxS i) = I ll/«ff«ll°a( S i) ds 

) ds 

= IIHI£«(J) 

where u{s) := \\fs\\i J <i(s 1 ) an d w ( s ) := H^IIl^s 1 )- This proves Step 1. 

Step 2. Given p,Co, and u as in the hypothesis of the lemma. Then there is a 

constant c — c(p, c ) > such that 

l|Vt£||oo;p<c||a W1 ,P 

for every smooth compactly supported vector field £ along u : / x S 1 — > A. 

The proof uses the generalized Young inequality: Given reals a, b, c > and 
1 < a, (3, 7 < oo such that ^ + jj + i = 1, then 

a Q 6^ c 7 
aoc <— + — + —. (5) 

a p 7 

Abbreviate £(s, i) by £, then integration by parts shows that 

£ mc(s,t)\ p dt 

+p/ |v t e|^ 2 (v t c,i?(a s ",3 t u)0dt 

Jo 

= -p(p- 2) f |V t e| p " 4 (V t £, V t VtO<V t e, V s alt 
Jo 

Jo 



> f I W 

Jo 
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Take the absolute value of the right hand side, apply the generalized Young 
inequality (5) in the case 1 p > 2 with a = p/(p — 2), (3 = p, 7 = p, and the 
standard Young inequality with a= p/(p— 1), /3 = p to obtain the inequality 

< P (p-i) riv^r'iv^i-iv^idt+p^HJJiu /V^r 1 ^* 

Jo Jo 

< P (p - 1) f vzi |v t ^r + - i wr + - iv s er) * 

Jo \ P V P J 

+p$\\m 0O £ (^w+^r) * 

< Ci (||6 + ||V.6 + I|V*V^ S ||^ (S1) ). 

Here Ci > is a constant depending only onp, Co, and H-RH^ and ■= t). 
Note that we used lemma 2.3 to estimate the terms involving Vt£ s . Now fix 
a e (a, b] and integrate this inequality over s € (a, er] to obtain the estimate 



\^a\\ P L p( S l) < C ||^|lwi.P((a,6]xS 1 



Here we used compactness of the support of £ and monotonicity of the integral. 
Since the right hand side is independent of a, the proof of Step 2 is complete. 

Step 3. We prove the lemma. 

Define f(s,t) := |V 4 £(s,i)| and g(s,t) := \\7 t X(s,t)\. By Step 1 with a,q, and 
r' equal to p and with r = q' = 00 we have 

T r (|V t £(s,t)| \V t X(s, t)\f dials = \\fg\\ p p < ||V f £||^ P l|V t X||£ ;oo . 

Ja JO 

Now apply Step 2 to the first factor. For the second one we exploit the fact 
that, since the slices s x S 1 of our domain are compact, there is the Sobolcv 
embedding W 1 ' P (S 1 ) ^> L°°(S' 1 ) with constant u = fj,(p) > 0. It follows that 

rb rb 

I \mX s \\ p LOO{sl) ds < p p \\VtX s \\ p wliPisl) ds 

= n p f \HX S \\ P LV(S1) + \\^ t X s \\ p LP(sl) ds. 

J a 

This concludes the proof of proposition 2.1. □ 

Proof of theorem 1.1. Proposition 2.1 with N = M. k , u = const, £ = v, and 
X = w. □ 



1 The case p = 2 is taken care of by the standard Young inequality. 
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3 The parabolic Weyl lemma 



The structure of proof of lemma 1.2 is the following. First we approximate u via 
convolution by a family of smooth solutions u e which converge to u in L 1 . The 
point is that we convolute over individual time slices s x R for almost all times 
s using mollifiers defined on R. (It is also possible to carry over the proof of the 
original Weyl lemma for the Laplacian using mollifiers supported in R 2 . This 
leads to restrictions and is explained in a separate section below.) On the other 
hand, given any integer k > 0, standard local C k estimates for smooth solutions 
of the linear homogeneous heat equation in terms of the L 1 norm apply; see [Ev, 
Sec. 2.3 Thm. 9]. They provide C k bounds on compact sets in terms of ||w £ ||i. 
Now by Young's convolution inequality ||w £ ||i < ||u||i. Hence these bounds are 
uniform in s. Therefore by Arzela-Ascoli the family u e converges in C^ J ~ 1 (r2) 
to a map v. Hence u — v by uniqueness of the limit. As this is true for every k 
and, moreover, every point is contained in a compact subset of it follows that 
u £ C°°(Q). Integration by parts then shows that 

d s u - d t d t u = (6) 

on the interior of Vt. Since u is C°° on fl this identity continues to hold on 0. 

Proof of lemma 1.2. Every point of f2 is contained in (some translation of) a 
parabolic set (— r 2 ,0] x (— r, r) whose closure is contained in £1 for some r > 
sufficiently small. Hence we may assume without loss of generality that 

n = (-r 2 ,0] x (-r,r), ueL\Q). 

We prove the lemma in nine steps. 

1) We introduce appropriate mollifiers: Fix a smooth function p : R — > [0, 1] 
which is compactly supported in the interval (—1, 1) and satisfies J M P= 1- For 
e > consider the mollificr 

PM ==|p(|)- 

It is compactly supported in the interval (— e, e) and satisfies j R p 6 = 1- 

2) For almost every s <G R we define the family {p e * u s } £>0 C C^°(M) and 
calculate the L 1 norm of its derivatives: Extend u by zero on R 2 \ fl and denote 
the extension again by u. Then u £ L 1 (R 2 ) and 

u s := u(s,-) £ L X (R) 

for almost every sel. For such s and e > define 

(p e * u s ) (t) = / p s {t- t)u s (t) dr. 
Jm 

In this case p £ * u s £ (R) , 

\\p s * u s - u s || £ i( M) — > as e — > 0, 
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and p £ *u s converges to u s , as e — > 0, pointwise almost everywhere on R; see [Jo, 
App. A]. Moreover, by Young's convolution inequality we obtain that 

\\Ps * u s|| L i( R ) < IIPsIIlI(r) II u s|Il1(R) = II^sIIl^R) 

and, more generally, that 



LH 



(p<*> * U S ) 



< 



(fc) 



\(JM\\ 

If Wl 1 



\\u 



I'MIl^R) 



for every positive integer k. Here p^ denotes the fc-th derivative of p. 
3) We prove that for e > the function defined by 



I, (s,t)i-> (p s *u s )(t) 



is integrable and u £ converges to u in L 1 (R 2 ) as e — > 0. Indeed by step 2) 

IKILi(R2) = / l|Pe* u S |ll,i(R) rfs < / ll^llLi(R) ds = IMIli(o) • 
JR JR 

Now define the family of functions {/ e : R — > R} e >o for almost every s by 

fs(s) '■= \\pe * U s — U s || £ i( R ) • 

By the last estimate these functions are integrable 



<2|MLi (n) - 



Moreover, they are dominated almost everywhere by an integrable function g. 
Namely, by step 2 



|/e(*)| < 2 ||u«|| L i (R) =: g(s), \\g\\ L u m = 2 ||u|| i2 



HQ)- 



Step 2) again shows that f e — > as e — > for almost every s. Hence by the 
Dominated Convergence Theorem it follows that 

lim \\u £ - u\\ L1{m2) = lim / \\p £ *u s - u s \\ L1{R) ds 

' ' e ^ u JR 

(l^m/ £ ) {s)ds 



J 

jr 



= 0. 

4) The function u £ : R 2 — > R defined in 3) admits integrable weak t- 
derivatives of all orders: Fix e > and a positive integer k, then 



/ u £ d^ipdtds= / (p £ * u s ) dfijj dtds 
Jr 2 Jr 2 



(-l) fe / (pi k Uu s )ipdtds 
Jr 2 
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for every tp € C^°(M 2 ). Here p^ denotes the k-th derivative. Moreover, the first 
step is by definition of u £ and the second step by integration by parts followed 
by commuting differentiation and convolution. Next observe that the function 
pi® * u s is integrable. Indeed step 2) shows that 



/I 

Jr 



4 fe) *w s || L1(R) ds< Nlii(n) 



with constant Cfe = Ck(p) = Ic^/jIIl^r)- Hence the weak t derivatives of the 
function u £ : R 2 — > R are integrable and given by 

#« e (M) = (4 fc) * «.)(*)• 

5) Fix e > and consider the subset 

il e = (-r 2 , 0] x (-r + e, r - e) c fi. 

We prove by induction that for every integer k > 1 the weak derivative w e 
exists in L 1 (f2 e ) and equals d 2k u e almost everywhere on f2 e . Here assumption (1) 
enters. 

Case k = 1. Straightforward calculation shows that 

ipd t d t u E = / ( / d t d t pe(t - t)u s (t) dr) ds dt 

Jr 2 \Jr / 

ip(s, t) u(s, t) d T d T p £ (t — t) dr ds dt 



-j 

Jr 3 

= / ( / u(s,t) d T d T [p s (t — T)ip(s,t)\ drds ] cfe 

= - J (^J u(s,T)d s (^p e (t-T)tl>(s,tjjdTds S jdt 

= / p e {t-T)u s (T)dT) d s ip(s,t)dsdt 

Jr 2 \jr / 



= - / u £ d s ip 
Jn 

for every test function ip € C^ c (int Cl e ). This identity means that on intfi e , 
hence on fi £ , the weak derivative d s u e exists and equals d t d t u e which is inte- 
grable by 4). To prove the identity note that the first and the final step are 
by definition of u e in 3). To obtain the second step we changed the order of 
integration and applied the chain rule. Steps three and five are obvious. To 
obtain step four we used assumption (1) and the fact that 

<Ms,t) := Ps(t-T)ip(s,t) 

lies in Co°(intO) for every tgR. To prove this assume that <f>t{s,r) ^ 0. This 
means firstly that p e (t — r) ^ 0, hence r G [— e + f, e + t], and secondly that 
ip(s,t) ^ 0. Now fix a sufficiently small constant 5 — S(e) > such that 

supp?A C [— r 2 + 5, —S] x [— r + e + S, r — e — 5} C int f2 e . 
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It follows that 

(s, t) £ [-r 2 + S, -5} x [-e + (-r + e + S), e + (r - e - 5)} 
= [-r 2 + 5, -5} x[-r + 5,r-S]c int 0. 

Induction step k => k + 1 . The calculation follows the same steps as above. We 
only indicate the minor differences. Assume that case k is true, then 

f V£f + V = (-l) fe+1 f ([ u( S ,T)d^+ 1 i K P E (t-T)yj( S ,t^dTd S ]dt 

= (-l) k + 1 ( u £ {s,t)d k s +1 ^{s,t)dsdt 
Jr 2 

= - f (d*u £ ) d s tp 

Jn 

for every test function tp £ Co°(intO e )- Note that to obtain the first step we 
applied k+1 times assumption (1) using that <f> t and therefore also its derivatives 
are in C^°(int ft). In the final step we used the induction hypothesis to integrate 
by parts k times the s variable. 

6) The function u s is smooth on the closure of f2 e : Fix e > and positive 
integers m and I. Then d™d l s u e equals 9™ +2£ u e almost everywhere on fl e by 5) 
and the latter function is integrable by 4). This proves that 

oo 

Ue £ f] w k ' 1 (n £ ) = c°°(n e ). 
fc=i 

Moreover, by 5) with k = 1, each u e solves the linear heat equation (6) on £ . 

7) From now on fix a compact subset Qcfl. Then for every positive integer 
k the family u e is uniformly bounded in the Banach space C k (Q) by a constant 
Mfe = Mfe(Q) : To see this consider the compact parabolic set of radius r, height 
r 2 , and top center point (s, t) £ Q given by 

P r (s,t) := [s- r 2 ,s] x [t-r,t + r\. 

By compactness of Q there is a constant £o = £o(Q) > such that Q C £o 
and, moreover, there is a constant p — p(so, Q) > such that 

for every point (s,t) £ Q. By step 6) each function u £ with e £ (0,£o) is a 
smooth solution of the linear homogeneous heat equation (6) on the domain f2 e 
and therefore on Q £o . Now given a point (a, r) £ Q and a pair of nonnegative 
integers m, £ there is by [Ev, Sec. 2.3 Thm. 9] a constant c m ^{a,T) such that 

max \r) m r) l v\ < ^Hhi^lll ||„|| 
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for all smooth solutions v of the heat equation (6) in P2 P (o~, r). By compactness 
of Q there are finitely many sets P p /2{&v, t v ) covering Q. Then the correspond- 
ing estimates for v = u £ and m, I = 0, 1, . . . , k imply that 




C k (Q) 




L!(R 2 ) 




L!(f2) 



for every e € (0, eo) and where the constant a > depends only on the compact 
set Q (since p eventually depends on Q only). Here the second inequality is 
proved in step 3). 

8) We prove that u e C°°(Q). In the setting of step 7) the Arzela-Ascoli 
theorem for each k together with choosing a diagonal subsequence yields exis- 
tence of a sequence e fc ^0, asfc^oo, and a smooth function u defined on Q 
such that u Ek — > u in C°°(Q), as k — > oo. On the other hand, the sequence u Ek 
converges to u in by step 3). Hence u — iiby uniqueness of limits. 

9) We prove lemma 1.2. Since every point of £1 is contained in a compact 
subset Q and u <G C°°(Q) by step 8), the function u is smooth on £1. To prove 
the identity d s u — d t d t u = on £1 assume by contradiction that this identity is 
violated at a point (s*,i*) of Cl. There are two cases. 

If (s*, £*) is in the interior of CI, then by smoothness of u there is a sufficiently 
small open neighborhood U of (s*,i*) in £1 and a function (f> € C-o°(U, [0, 1]) 
with (f>(s r ,t*) — 1 such that assumption (1) fails. (For instance, if c > is the 
value of the function d s u — d t d t u at the point (s*, t*), let {/ be the subset of £1 
on which 9 s m — d t d t u > c/2.) 

is in the boundary x (— r, r) of f2, the former argument works for an 
interior point of ft sufficiently close to (s», t*). Existence of such an interior point 
uses again smoothness of u on O. This proves the parabolic Weyl lemma. □ 

The heat ball approach 

A natural first try to prove lemma 1.2 is to carry over the proof of the original 
Weyl lemma for the Laplacian; see e.g. [GT, Jo]). This works, but with two 
restrictions. Firstly, the set il should be open in R 2 and, secondly, the function 
u should be locally L q integrable over £1 for some q > 3. 

The original proof is based on the fact that harmonic functions are charac- 
terized by their mean value property with respect to balls or spheres. There 
is a similar statement for solutions to the heat equation. However, in the cor- 
responding parabolic mean value equalities a weight factor different from one 
appears and this eventually leads to the restriction q > 3. A further difference 
is that balls and spheres over which the means are taken are replaced by heat 
balls and their boundaries, respectively. The parabolic mean value property 
with respect to boundaries is due to Fulks [Fu] and with respect to heat balls it 
is due to Watson [Wa]. Here it is required that £1 is open in M 2 . 

Recall that the fundamental solution to the heat equation is given by 



_t 2 

e 3s , s > 0, t e K, 



1 




(7) 



V 



o 



s < o, t e E. 
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For r > we denote by E r = E r (0,0) the area which is enclosed by the level 
set determined by the identity 



$(-«,-*) = 




This level set is parametrized by 



Think of it as resembling an ellipse in the plane such that the origin is located 
at the 'north pole'. For general base point (s,t) E M 2 the set E r (s,t) is de- 
fined by translation. These sets are called heat balls of "radius" r. Following 
Watson [Wa] we call a function u defined on an open subset ft C M 2 a tem- 
perature if d t d t u and d 8 u are continuous functions on f2 and the heat equation 
d s u — d t d t u — is satisfied pointwise on Q. (Note that temperatures are auto- 
matically C°° smooth; see e.g. [Ev, Sec. 2.3 Thm. 8].) 

Theorem 3.1 ([Wa] § 10 Cor. 1). Let u be a continuous function on an open 
subset VL C R 2 . Then the following are equivalent. 

(a) The function u is a temperature. 

(b) At every point (s, t) G the weighted mean value equality for u holds 



whenever E r (s,t) C O. 

We sketch the proof of the parabolic Weyl lemma (subject to the two restric- 
tions mentioned above) along the lines of the original proof for the Laplacian. 
Since smoothness is a local property we may assume without loss of generality 
that ft C R 2 is bounded. Moreover, we extend u by zero to R 2 \ f2 without 
change of notation. Hence u <G L g (Q) for some q > 3. The main idea is to 
mollify the given weak solution u to obtain a family {u r } C C^°(M. 2 ) of smooth 
functions converging in L 1 , hence almost everywhere, to u. Here we use a family 
of mollifiers {p r } which are compactly supported in the heat ball E r C R 2 and 
set u r — p r * u where * denotes convolution. Assumption (1) is then used to 
show that each function u r is a temperature on a slightly smaller set Q r C f2 
which by definition consists of all points (s,t) e ft such that the closure of 
the heat ball E r (s,t) is contained in il. Hence each u r : Vl r — > R satisfies the 
weighted mean value equality of theorem 3.1. On the other hand, the family 
{u r } is uniformly bounded - here the restriction q > 3 arises - and equicontin- 
uous. Hence by Arzela-Ascoli it converges in C° to a continuous function v as 
r — > 0. Since the functions u r satisfy the mean value equality, so does their C° 
limit v, and therefore v is a temperature by Watson's result theorem 3.1. But 
v = u, since {u r } converges to u almost everywhere. 




u(s,t) — 




f ft'") 2 

E r (s,t) (S - v) 2 



u(a, t) dr da 
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As it is essentially the only point where the proof of the original Weyl lemma 
for the Laplacian differs we provide the details of uniform boundedness of the 
family {u r } on Qr. More precisely, fix a constant R > and restrict r to the 
interval (0,i?/2). Then 

Mr C n R/2 c Q r c ft, E R/2 (s,t) C n R/2 V(s, t) e VL R . 

Hence by theorem 3.1 each temperature u r satisfies the mean value equality on 
all heat balls with base point in Qr and radius less or equal to R/2. To see that 
the family {u r }re(o,ii/2) is uniformly bounded on £Ir fix a point (s a ,t a ) € Qr. 
Then by the mean value equality for the temperature u r over the heat ball 
E R / 2 (s a ,t a ) it follows that 



|«r(«o,*o)| < ji^ [ 7^ — 4a K(ct,t)| drda 
Ay/irR J ER/2 ( S0 ,t„) ( s o - or 



i f t 2 

/ —\u r (s + SQ,t + t )\dtds 

Je r , 2 (0,0) s 



4^R J Er/2 (o,o) s 

< c q,R ll u llz,«(fi) ■ 

To obtain step two we introduced new variables t = t — t and s = a — s . In 
step three we use Holder's inequality with 1/p+l/q = 1 and p, q > 1. Since the 
weight function t 2 s~ 2 is not bounded on E R / 2 we can't get away with pulling 
out the sup norm as in the proof of the original Weyl lemma for the Laplacian 
where the weight is one. In the last step we used that 



Ili(R 2 ) — \\Pr * u \\li(K?) ^ l|Pr||ii(M2) ||«||l«(]r2) — |Mlz,<!(Q) 



by Young's convolution inequality. Moreover, the constant c q ,R is given by 
\\t ls ~ 2 \\Lp(E R/2 )/^\/ : KR with p = -^j. To see that it is finite observe that 

\\t 2 s- 2 \\ P - 2P+§ f° {sH ~ s)rh dc 



1 Jo 



2p + 

2P+I r(p + |) 

2p + 1 (3 _ n \P+ 



(I-pY 

Here we used the change of variables x = — log(— s) in the second step, the last 
step is valid whenever — | < p < |, and T denotes the gamma function. The 
earlier use of Holder's inequality further restricts p to the interval (1, |) and 
this is equivalent to q = > 3. It remains to replace the unit heat ball E\ 
by E R / 2 . This leads to a further constant which depends only on R and p. 
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4 Local regularity 

The parabolic analogue of the Calderon-Zygmund inequality is the following 
fundamental LP estimate. It is used in the proof of theorem 4.2 on local regu- 
larity and it implies the interior estimates of theorem 4.4 by induction. 

Theorem 4.1 (Fundamental LP estimate). For every p > 1, there is a constant 
c = c(p) > such that 

\\d s v\\ p + \\d t d t v\\ p < c\\d s v - d t d t v\\ p 

for every v G C§°(M. 2 ). The same statement is even true for the domain H - . 

Proof. A proof for M 2 is given in [SW, theorem C.2] by the Marcinkiewicz-Mihlin 
multiplier method. In the case of the lower half plane H~ choose a compactly 
supported smooth function v on H~ and constants T > and a < b such that 
suppu C (-T/2,0] x (a, b). Then [Li, proposition 7.11] with n = 1, A 11 = 1, 
A = A = 1, the cube K = (-T/2,0] x (a, b) in (-T,0) x M, and the function 
/ = d s u — d t d t u proves the statement. Note that the case H~ implies the case 
M 2 by translation. □ 

Theorem 4.2 (Local regularity). Fix a constant 1 < q < oo, an integer k > 0, 
and an open subset C H - . Then the following is true. 

a) Ifu G Lj oc (n) and f e Wf o ' c 9 (0) satisfy 

[ u {-d s cj> - dtdtfl = [ /</> (8) 

for every <\> G C£° (intfi), then u G Wf o + 1,9 (0). 

b) Ifu G LL(^) e Wf ' c 9 (r!) safe/y 

/ u{-d s( j>-d t d t( j>)= f ft- f hd t t (9) 

for every (f> G Cg°(intf2) ; i/ien u and d t u are in W^(fl). 

Here intfi denotes the interior of f2. While part b) is not needed in this 
text it is used in [We] to prove regularity of the solutions of the linearized heat 
equation. For convenience of the reader we recall Poincare's inequality and its 
proof. It is used to prove theorem 4.2 and theorem 4.4. 

Lemma 4.3 (Poincare's inequality). Fix constants q > 1 and r > 0. Then 

IMI,<2r||%>||, 

for every ip £ Cq°((— r,r)). 
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Proof. For such tp it holds that ip(—r) = and hence ip(t) = J^ r 9t<£>(r) dr by 
the fundamental theorem of calculus. This implies that 

\<p(t)\ < f \OMr)\ dr< f 1 • \d tV (r)\ dr < (2r)^ \\dt<p\\ q 

J —r J —r 

where the last step uses Holder's inequality with 1/q + 1/p = 1. Therefore 

b(t)| a < (2r)'" 1 

and integration over i <G (— r, r) concludes the proof of the lemma. □ 

Proof of theorem 4-2 . Since any given compact subset Q of can be covered 
by finitely many parabolic rectangles whose closure is contained in fl, we may 
assume without loss of generality that = (— r 2 , 0] x (— r, r) for r > 0. 
ad a) The proof consists of four steps. 

I) Fix two open subsets ft' and U of Cl = (— r 2 ,0] x (— r,r) such that the 
closure of O' is contained in ?7 and the closure of U is contained in 0. Fix a 
smooth compactly supported cutoff function /3 : fl — > [0, 1] such that /3 = 1 
on U. Then /?/ is compactly supported and W k ' q integrable over ft. Now 
approximate (3f in W k ' q (Q) through a sequence (/j) C C£°(Q), i.e. 

II /i — Pf\\v\? k 'i(n) * 0, as i — > oo. 

II) Each smooth problem 

(a s - a t a t )^ 4 = /< (10) 

with /j e Co°(f2) admits a unique solution S C5°(ri); see e.g. [Li, Thm. 5.6]. 
We prove below that the sequence of solutions U{ is a Cauchy sequence in 
W k+1 ' q (n). Therefore it admits a unique limit u e W k+1,q (£l). Now the limit u 
solves the identity (d s — dtdt)u = (if almost everywhere on fi as can be seen as 
follows: The sequence d s Ui — dtdtUi converges to d s u — dtdtu in L q , since ui is a 
Cauchy sequence in W k+1 ' q (Q), and the sequence fi converges to @f by step I). 
Uniqueness of the limit then proves equality in L q (fl). 

It remains to prove that the sequence U{ is Cauchy. All norms are with respect 
to the domain fi. Note that 

hi - Uj \\ q < 2r \\d t ( Ui - Uj )\\ q < (2r) 2 \\d t d t ( Ui - Uj )\\ q 

Here the first inequality follows by integrating Poincare's inequality (lemma 4.3) 
for ip(t) = Ui(s,t) — uj(s,t) over s G (— r 2 ,0). The second inequality follows 
similarly. Now use equation (10) to obtain that 

- < (2r) 2 (\\d s ( Ui - Uj )\\ q + \\fi - fj\\ g ) . 

More generally, there is a constant C = C(k, r) such that 

IK -%ll w *+i,* < C(||<9 s fc+1 K -Uj)\\ q + \\fi - fjW W ", q ) ■ 
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for all i and j. This follows by inspecting the left hand side term by term replac- 
ing any two i-derivatives by one s-derivative and the error term fi according to 
equation (10). If an odd number of t-derivatives appears then use lemma 4.3 
to obtain an even number. Now the fundamental L p estimate theorem 4.1 with 
constant c = c(q) and function v = d k (ui — Uj) asserts that 

\\d k+1 ( Ul uj)\\ q < c\\(d s - dtd^d^ Uj )\\ q 

= 4dHfi-fj)\\ q 

< c\\fi - /j||w*'«- 

Here we used again equation (10). Next use the approximation of (3f in step I) 
to obtain that the sequence Ui in W fe ' 9 (f2) is Cauchy, namely 

Wfi - fi\\w k <« ^ Wfi ~ Pf\\w k '" + WPf - fjWw"-" — > °> as h3 -> °o. 

III) The restriction of u — u to the open subset U C is a weak solution of 
the homogeneous problem. More precisely, it is true that 

/ (it - u){-d a 4> - d t d t 4>) = / {d s u - d t d t u)4> - / u{-d a 4> - d t d t <j>) 
Ju Ju JU 

= I {d s u- dtd t u- 0f)4> 
Ju 

= 

for every test function <j> £ C§° (int U) . Here the first step is by integration by 
parts using step II) and the second step is by assumption (8) and the fact that 
/ = (if on U. The last step uses the identity in step II). 

IV) The difference u — u is in L l (U) by step II) and assumption on u. Hence 
by the parabolic Weyl lemma 1.2 the function F := u — u is smooth on U. 
Together with the fact that u e W k+1 ' q (Q) proved in step II) this shows that 
u = u — F is of class W k+1 ' q on each bounded open subset of U, in particular 
on f2'. This proves part a) of theorem 4.2. 

ad b) The proof takes four further steps. 

V) Let the sets ft' and U, the cutoff function (J, and the sequence (/») C 
C^°(f2) be as in step I). Approximate the compactly supported function (3h in 
W k ' q (il) through a sequence (hi) C C(f(Q). Now as in steps II) and III) each 
smooth problem 

(d s - d t d t )v l = hi (11) 

admits a unique solution Vi G Cq 50 (SI) and the sequence (vi) is Cauchy in 
yV k+1 ' q (Q) with unique limit v which solves the identity (d s — d t d t )v = (3h 
almost everywhere on 0. 

VI) Observe that the sequences 

Wi := Ui + d t Vi, d t Wi = d t Ui + dtdm, 
converge in W k,q (Vi) to the limits 

w = u + d t v, d t w = d t ii + d t d t v, 
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respectively. Moreover, each Wi satisfies the identity (d s — dtdt)Wi = + dthi 
on f2. Integration by parts then shows that 

/ Wi(-d s - d t dt)4> = / fi<t>- I hid t (j) 
Jn Jn Jn 

for every <f> £ C^°(int O). Taking the limit Hoowe obtain that 

f w(-d s -d t d t )4>= f m- I Phd t cj> (12) 

Jn Jn Jn 

for every 4> £ Cg°(int 0). 

VII) The restriction of w — u to the open subset U of O is a weak solution 
of the homogeneous problem, meaning that 

/ (w - u)(-d s <j) - d t dt4>) = / w(-d s - d t d t )<j) - / u(-d s (p - d t d t <t>) 
Ju Ju Ju 

= I {df4>-l3hd t 4>)- [ {f4>-hd t 4>) 

Ju Ju 
= 

for every test function <p <= C^°(int U). Here step two uses the identity (12) for 
w and assumption (9) on u. Step three is true since /3 = 1 on U. 

VIII) Note that the difference W — u is in L 1 (f/) by step VI) and assumption 
on u. Hence by the parabolic Weyl lemma 1.2 the function G := w — u is smooth 
on U. Since w £ W k,q {Vi) by step VI), this shows that u = w — G is of class 
W k ' q on each bounded open subset of U. Since also dtti £ W fe ' 9 (0) by step VI), 
the function dtu — dtii> — dtG is of class W k ' q on each bounded open subset of 
U, in particular on f2'. This concludes the proof of theorem 4.2. □ 



Interior estimates 

Theorem 4.4 (Interior estimates). Fix an integer k > and constants 1 < q < 
oo and < r < R. Define il r = (— r 2 ,0] x (— r,r). Then there is a constant 
c = c(k, q,R — r) such that 

IMIw*+i,<i(fi r ) ^ c {}\ d » u - d tdtu\\ wk , q{nn) + \\u\\ Lq{nn) + \\d t u\\ LHna ^ (13) 

for every u £ C°°(CIr). 

Proof. The proof is by induction on k. 

Case k = 0. Fix a smooth compactly supported cutoff function (i : flu — > [0, 1] 
such that (3 = 1 on f2 r . Then 

< \\M\l*vi r ) + \\9t (Pu)\\ Lq{nn) + \\d t d t (pu)\\ Lg(QR) + \\d s (Pu)\\ lq(Qr) 

< 2R(l + 2R) \\d t d t G8«)|| L4(njl) + \\d e (pu)\\ Lg{QR) 
<c\\(d s - d t dt)(3u\\Li(n R ) 

<c\\(d s - d t dt)u\\ Lq[nR) + C (\\u\\ Lq[nn) + \\dtu\\ Lq{na) ^ 
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where c = c q (1 + 2i?(l + 2i?)) with c q being the constant in theorem 4.1 and 



C = IMloo + ll^^lloo + 2 Halloo ■ 

The first step uses the fact that (3 = 1 on fi r , the definition of the W 1 ' 9 norm, 
and monotonicity of the integral. To obtain step two we fixed s and applied 
Poincare's inequality lemma 4.3 to the functions (3u, d t ((3u) G C£°(—R, i?), then 
we integrated over s G (— R 2 , 0]. Step three is by theorem 4.1. 
Induction step k — 1 => k. Fix k > 1. It suffices to estimate the W k+1 ' g 
norms of u, d t u, d t d t u 7 and d s u individually by the right hand side of (13). We 
provide details for the least trivial term and leave the others as an exercise. Fix 
constants r < n < r-i < R. Then by the induction hypothesis in the case k — 1 
for the pair of sets tt r C il ri and the function v = d s u we obtain that 

(\\(ds 
(\\(ds 

for some constant c\ — c\(k — l,q,r\ — r). To deal with the last term in the 
sum we apply the case k = for the pair of sets fi ri C VL r2 and the function 
v = d t u to obtain that 

\\ d M\ w i, q{ n ri) 

(\\(ds - dtd t )d t u\\ Lq{nr2) + \\d t u\\ LHSlr2) + \\dtd t u\\ Lq(Qr2) j 
< c 2 (\\(d s u - d t d t )u\\ wk , q{nR) + \\d t u\\ Lq{na) + ||u|| w i, 9(ar2) ) 

for some constant c 2 = C2{q, r 2 — r\). It remains to estimate the last term in 
the sum. We apply again the case k = 0, but now for the pair of sets tt r2 C 
and the function u to obtain that 

{\\{ds - d t d t )u\\ Lq{QR) + \\u\\ Lq{na) + \\d t u\\ Lq ^ nR ^ 

for some constant C3 = 03(9, R — r2). This proves theorem 4.4. □ 

Proof of theorem 1.3. a) Suppose the parabolic rectangle O = (a — r 2 , a] x (r — 
r,r + r) is contained in the cylinder Zt = (-T, 0] x S 1 . Then the assumptions 
of theorem 4.2 a) are satisfied for the restrictions of u and / to ft and therefore 
u G VV^ 1 ' 9 ^). Now every compact subset of Zt can be covered by finitely 
many parabolic rectangles. Hence u is locally W k+1 ' q intcgrable on Z T . 

b) Induction over k based on theorem 4.4 and a covering argument by 
parabolic rectangles proves b). □ 
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5 Parabolic bootstrapping 



In this section we establish uniform Sobolev bounds for strong solutions u of 
the heat equation (14) by parabolic bootstrapping. This immediately implies 
theorem 1.4. In order to deal with the heat equation's quadratic nonlincarity 
in dtu we first prove in lemma 5.1 apriori continuity of dtu. Then the heat 
equation can be treated like a linear equation in the crucial first step I = 1 of 
the parabolic bootstrap. 

In this section we fix a closed smooth submanifold M and a smooth 

family of vector- valued symmetric bilinear forms T : M — > f«xJVx«^ Recall 
that the cylinders Z = Zt and Z' = Zt> are defined by (2). 

Lemma 5.1 (Apriori continuity of d t u). Fix constants p > 2, fi > 1, and 

T > 0. Fix a map F : Z — > M. N such that F and dtF are of class IP . Assume 
that u : Z — > M. N is a W 1 ' p map taking values in M with ||u||yyi,j> < and 
such that the perturbed heat equation 

d s u ~ dtdtu = T(u) (d t u 7 d t u) + F (14) 

is satisfied almost everywhere. Then dtu is continuous. More precisely, for 
every T' e (0,T) there is a constant c = c(p, /zo, T, T', ||r|| c i) such that 

IM^,) <c(l+||$F|| iP(z) ) . 

Note that by the Sobolev embedding theorem the assumption p > 2 guaran- 
tees that the W 1,p map u is continuous. Hence it makes sense to specify that u 
takes values in the submanifold M of R N . Abbreviate W k ' p (Z) = W k ' p (Z, R N ). 

Remark 5.2. Since the proof of lemma 5.1 relies heavily on the product es- 
timate theorem 1.1 it seems unlikely that the assumption u e W 1 ^ can be 
weakened to u € W 1,p - unless we also replace the assumption p > 2 by p > 3. 

Proposition 5.3. Under the assumptions of lemma 5.1 the following is true for 
every integer k > 1 such that F and d t F are in W k ~ 1 ' p (Z) and every constant 

V e (0, T). 

(i) There is a constant depending on p, ptQ, T, T' , ||r|| c .2fc+2 7 and the 
W k -^ P (Z) norms of F and d t F such that 

\\dM\ W k,p( Z >) < a k- 

(ii) If d s F G W k ~ 1 ' p (Z) then there is a constant bu depending on p, pbQ, T, 
T', ||r|| C 2 fc+ 2 7 and the W k -^ P {Z) norms of F , d t F , and d s F such that 

\\d s u\\ W k,p( Z ij < bk- 

(iii) If dtdtF G YV k ~ 1,p (Z) then there is a constant Ck depending onp, fio, T, 
V , ||r|| C 2 fc+ 2 7 and the W k ~^ p {Z) norms of F , d t F, and d t d t F such that 

\\dtdtu\\ wk , p{zl) < cfc. 
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Notation. In the proofs of lemma 5.1 and proposition 5.3 we use the following 
notation. The parabolic C k norm of a smooth function u is given by 

Nlc*:= E IIW«lloo- (15) 

2v+pL<2k 

Compare this to standard space C k with norm ||u|| C fc = ^Z v+Ii<k \\d^d t ^u\\ 00 . 
Given two constants T > T' > consider the sequence 

T k :=T' keN. (16) 

Note that T\ = T. This definition also makes sense if we replace k by a real 
number r > 1. Now consider the cylinders Z r = (— T r ,0] x S 1 . By \ntZ r we 
denote the interior (— T r , 0) x S 1 of Z r . It is useful to memorize that Z r+ i C Z r . 
For each positive integer k fix a smooth compactly supported cutoff function 

p fc :(-T fc ,0]-[0,l] (17) 

such that pk = 1 on Z^+i and ||9 s p||oo > 1- 

Proof of lemma 5.1. Denote the nonlinear part of the heat equation (14) by 

h = h(u) = T(u) (d t u, d t u) + F 
and the first cutoff function fixed in (17) by p = p\. Then h e L P (Z 2 ), namely 
\\h\\ LP{Z2) < \\p 2 h\\ LP{Zi) 



<l|r|| 00 |||a e (pu)|.|9 t (p«)||| LP(Zi) + ||/F|| LP(Zi) 
- ll r lloc II^spIIoo ll^llw 1 ." (z) + II-^IIlp(z) 



where in step one and two we used that p 2 = 1 on Z 2 and independence of 
p on the t variable, respectively. The last step is by the product estimate 
theorem 1.1 with constant C p > applied to the compactly supported W 1 ^ 
map pu : Z — > M. N using density. Compactness of M implies that HrU^ < oo. 
Next observe that 

d t h = dT(u) {dtu, dtu, d t u) + 2r(u) (d t d t u, d t u) + t F. (18) 

Now we indicate the main idea of proof. Suppose we knew that d t h e 
L x (Zk+i) for some \ > 1 an d some k € N, then 



/ d t u {-d s 4> - d t d t 4>) = - / d s ud t (f>+ j 
Jz k+1 J Z k+ i Jz k+1 

= - [ hd t <j> (19) 
Jz 



Zk+i 

d t h i 



Zk+i 
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for every <f> £ Cfi°(mt Zk+i). Here all steps use integration by parts. Step 
two is by definition of h and the assumption that u satisfies the heat equa- 
tion (14) almost everywhere. Theorem 1.3 on interior regularity then asserts 
that dtii £ W 1,x (Zk+2)- Hence we have improved the regularity of dtu which in 
turn improves the of regularity dth as given by (18). Now start over again. We 
prove below that under this iteration x eventually converges to p. But p > 2, 
hence continuity of dtu follows by the Sobolev embedding W 1,x C°. 

To get the iteration started at k — 1 we need to first prove that d t h £ L X (Z 2 ) 
for some x > 1. As a first try recall that u £ W 1 ' p (Zi) by assumption, therefore 
the first term in (18) is in L p / 3 only whereas the second term is in LP' 2 . Hence 
d t h £ L p ' 3 , but p/3 is not necessarily larger than 1. Fortunately using the 
product estimate theorem 1.1 wc can do better. Recall that p > 2 is fixed by 
assumption. Consider the function 

, \ PQ 
X = XpW = — — ; 



and observe that l/p+ l/q = 1/x- Apply Holder's inequality to obtain 

ll^llLx(z fc+1 ) < \\pk 2 dth\\ LX(Zk) 

< ll rfr lloo \\\ d t{Pku)\ ■ \dt{pku)\\\ LP[Zk) \\dtu\\ Lq[Zk) 

+ 2 llrlloo \\dtd t u\\ LP{Zk) \\d t u\\ Lq{Zk) + \\d t F\\ LX{Zk) 

< c p WWoo WdsPkWlo IMIwi.p(z) \\ d t u \\mz k ) 

+ 2 HrH^ \\d t d t u\\ LP{z) \\d t u\\ Lq(Zk) + \\d t F\\ LP{Zk) 
<a\\d t u\\ Lq(Zk) + \\d t F\\ Lp(z) . 

Here the third step is by the product estimate theorem 1.1 with constant C p and 
the constant a in the last line depends on p, /no, ||r|| c i, and pu- We used again 
one of the cutoff functions in (17) to produce a compactly supported function 
as required by the product estimate. Consequently the domain shrinks. 

Now we start the iteration with initial value qi = p. Then x(9i) = p/2 > 1- 
Hence d t h £ Lp/ 2 {Z 2 ) by (20) for k = 1. Therefore by (19) theorem 1.3 applies 
for the functions d t u and / = d t h and proves that d t u £ W]^' ''(Z2) and 

\\dtu\\ wl , p/2{z } < c 2 (\\d t h\\ LP/2(z } +mo) 

; ' s. ( 21 ) 

< c 2 (a/io + \\dtF\\ LP(z) + fi J 

for some constant c 2 = c 2 (p, T 2 — T 3 ). Step two uses (20) for k = 1 and q = p/2, 
the fact that ||<9 t w|| p / 2 < ||9 t u|| p , and the assumption ||9tu|| p < ^o- 
Now there are three cases: If p > 4 then we are done by the Sobolev embed- 
ding W 1 ^/ 2 <-> C° on the domain Z 3 ; see e.g. [MS, App. B.l] for the relevant 
embedding theorems. If p < 4, then the value of x — Xp(qi) = p/2 is in the 
interval (1,2) and in this case there is the Sobolev embedding 

W^iZs) C W 1 ' X {Z 3 ) ^ L 2x /<- 2 -^(Z 3 ) = L g2 (Z 3 ) 
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with constant C2 = C2(p, T 3 ) > 0. Here we abbreviated 



= _2y_ = 2p Ql = 2p 
2 ' 2-x 2p + 2q 1 -pq 1 4 - p' 

Hence d t u e L 2 p/^~p\Z 3 ). Since 2p/(4 — p) > p is equivalent to 2 < p < 4, 
this means that the regularity of dtu has been improved - on the expense of a 
smaller domain though. The case p — 4 means that u : Z — > I w is a W 1 ' 4 map 
to start with. But then it is also a W 1,3 map and we are in the former case. 

Repeating the same argument with new initial value q% proves that d t u € 
Whx P (q2)(z 5 ). Again this space embedds either in C°(Z 5 ) and we are done or 
it embedds in L q3 (Zs) where (73 = 2pq2/(2p+ 2qi — pqi) > 1i- It is crucial that 
in (20) the value of p is fixed. Firstly, because the product estimate theorem 1.1 
requires p > 2 and, secondly, because we only know that d t d t u £ LP . Proceeding 
this way we obtain the sequence q k determined by 

2 PQk /00 ^ 

gfc+i = : , Qi=P- (22) 

2p + 2q k - pq k 

Observe again that the condition p > 2 implies that qu+i > Ik- Hence the 
sequence is strictly monotone increasing. Next we prove that q k — > 00 as k — > 00 . 
Assume by contradiction that this is not true. Then by strict monotonicity the 
sequence is bounded and admits a unique limit, say q. By (22) this limit satisfies 
q = 2pq/ (2p + 2q — pq). But this is equivalent to p — 2 contradicting p > 2. It 
follows that Xp(lk) converges to p as k — > 00. But p > 2, hence whenever k is 
sufficiently large there is the Sobolev embedding 

W 1 '*»^(Z 2k+1 ) C°(Z 2k+1 ) c C°(Z') 

and this implies the estimate in lemma 5.1. Clearly d t u is continuous on the 
whole cylinder Z since every point is contained in some subcylinder Z' . □ 

Proof of proposition 5.3. We prove the following claim by induction on £. Recall 
from (16) the definition of the reals Ti and the cylinders Zg. 

Claim. Given < V < T and k > 1 such that F and d t F are in W k ~ 1 ' p , then 
the following is true for every I <G {1, . . . , k}. 

(a) dtu e Wioc(Z3e-i) and there exists a constant Ag depending on p, fio, 
||r|| C 2f + 2 ; ||.F|| w *-i,p, and \\d t F\\ w e-i, P such that 

\\ d M\ W '-P(Z 3t ) ^ A i- 

(b) If d s F E VV fe_1 ^ then d s u G y^io C {Zu) an d there exists a constant B( 
depending on p, [i , ||r|j C 2f+2 7 ||F|| w *-i, P , \\d t F\\ w e-i, P , and \\d s F\\ w e-i, P 
such that 

\\ d sU\\ w e,p(z 3e+1 ) ^ B e- 
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(c) If d t d t F e W k ~ 1 ' p then d t d t u e W/^^+i) and tftere eziste a con- 
stant depending on p, Hq, ||r|| C 2«+2, ||F||yy«-i, P; ||9 t F|| w <-i, P) and 
\\dtd t F\\ w i-i, P such that 

\\dtd t u\\ we , p{Z3e+2) < C e . 

Here and throughout the domain of all norms is Z = Zt, unless specified 
otherwise. An exception are the various norms of T appearing below for which 
the domain is the compact manifold M. We abbreviate h = T(u) (d t u, d t u) + F. 

Case £ = 1. By lemma 5.1 with T' — T 2 there is a constant Co depending on p, 
fiQ, T, T 2 , and ||r|| c i, such that 

\\d t u\\ CO{Z2) < Co (l + \\d t F\\ p ) . (23) 

(a) Recall that d t h is given by (18). Straightforward calculation shows that 
\\d t h\\ LP{Z2) < HdTH^ \\d t uf CO{Z2) \\d t u\\ LP{Z2) + \\d t F\\ LP(Z2) 

+ 2 yry^ iiatu|| C o (Za) \\d t d t u\\ LP{Z2) 

<a(l + \\d t F\\l) 

for some constant a = a(p, Ho,T, T 2 , ||r|| c i). We used (23) and the assumption 
|M|yy>i,p < jUo- Recall from (19) that d t u satisfies 



/ d t u {-d 8 <j> - d t d t 4>) = / d t h< 

J Z2 J 



for every (j> € Co°(mk Z 2 ). Hence theorem 1.3 on interior regularity for q = p, 
T = T 2 , T" =T 3 , k = 0, and the functions / = d t h and d t u in LP(Z 2 ) proves 

ioc 1 



that ftu € W}f c {Z 2 ) and 



liat«ll W i.p(z 8 ) <m(||^/i|| 

for some constant fi = fi(p,T 2 ,T 3 ). Now use the estimate for d t h to see that 

\\d t u\\ wl , P{Z3) < A (l + \\d t F\\l) 

for some constant A = A(p, fiQ, T, T 2 , T 3 , ||r||ci). 
(b) Straightforward calculation shows that 

\\d s h\\ LP{Z3) < WdTW^ ||dHlc°(z 3 ) \\d s u\\ LP(Z3) + \\d s F\\ LP{Z3) 
+ 2\\r\\ 00 \\d t u\\ C o (Za) \\a.d t u\\ LP(Za) 
<(3(l + \\d t F\\l) + \\d s F\\ p 
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for some constant (3 — f3(p, fiQ, T, T2, T3, ||r||cri) > 1- Here we estimated the LP 
norm of d s d t u by the W 1,p estimate for d t u just proved in (a). We also used 
the C° estimate (23). Next observe that 

/ d s u {-d s 4> - d t d t <t>) = - (d s u - d t d t u) d s <j) 

J Z3 J Z3 

= - [ (T(u)(d t u,d t u)+F(u))d s <j) (24) 
Jz 3 

= / d s h<t> 
Jz 3 

for every <j> £ C^°(int Z 3 ). Here steps one and three are by integration by parts. 
Step two uses the assumption that u satisfies the heat equation (14) almost 
everywhere. Now theorem 1.3 proves that d a u £ (Z3) and 

\\ d M\ W ^(z 4 ) < A 4 {\\dsh\\ LP(Z3) + ||9 a «|| L p (Z3) ) 

for some constant fi = fi(p, T 3 , T4). Now use the estimate for d s h to see that 

\\dsu\\ wl , P{Zi) <B(l + \\d t F\\l + \\d s F\\ p ) 

for some constant B = B(p, /j, , T, T 2 , T 3 , T 4 , \\T\\ c i). 
(c) Straighforward calculation shows that 

\\dtd t h\\ LP(Z4) < H^rjl^ ||<9 t u|lc°(z 4 ) \\dtu\\ LP{Zi) + \\9td t F\\ LP{Zi) 
+ 4 ll rfr lloo \\ d tu\\ 2 C o {Zi) \\dtd t u\\ LP{Zi) 

+ 2||r|| oc ||a t u|| c0(Z4) ||a t a t a tU || LP(Z4) 
+ 2||r|| oo ||ftft«|| C 0(z 4 )ll^"lli P (z 4 ) 

<7^ + \\d t F\\f)+\\d t d t F\\ p 

for some constant 7 = j(p, no, T, T2, T3, T4, \\r\\cz)- In the final inequality we 
used the C° estimate (23) for dtu and the W 1,p estimate for dtu proved above 
in (a). This takes care of all terms but one, namely the C° norm of dtdtu. Here 
we use that dtdtdtu and d s dtdtu = dtdtd s u are in LP(Z±) by (a) and (b), re- 
spectively. Hence d t d t u £ C° by the Sobolev embedding W 1,p C°. Similarly 
to the calculation in (19) it follows that 

/ d t d t u {-d s 4> - d t d t cp) = / d t d t h<j) 
J Zi± J z^ 

for every <j> £ C^°(int Z4). Theorem 1.3 then proves that d t d t u £ Wtf c {Z A ) and 
\\dtd t u\\ wl , p{Z5) < fx (\\d t d t h\\ LP(Zi) + \\d t d t u\\ LP{Zi ^ 
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for some constant \i = fi(p, T 4 , T 5 ). Now use the estimate for d t d t h to see that 

\\dtd t u\\ wl , p{Z5) <c(l + \\d t F\\ 4 p + \\d t d t F\\ p ) 
for some constant C = C(p, fi a ,T,T 2 ,T 3 ,T 4 ,T 5 , \\T\\ C 2). 

Induction step £=>£+!. Fix an integer £ G {1, . . . , k— 1} and assume that (a-c) 
are true for this choice of I. We indicate this by the notation (a-c)^. The task 
at hand is to prove {&-c) l+1 . Recall the parabolic C l norm (15). An immediate 
consequence of the induction hypothesis (a-c)^ is that 

IMIyv«+i.p(z 3£+2 ) ^ D 'e+i 
for some constant D' e+1 = D' e+1 (p,/i , ||r|| C 2*+2, \\F\\ w e, P ). Hence 

\H c e {Z3l+2) < D t+1 (25) 

for some constant De+i = Di+i(p, /io, ||r||c2f+2, \\F\\ w'.p)- To see this observe 
that up to a constant the C e norm can be estimated by the W l+1,p norm. (This 
boils down to the Sobolev embedding W 1 ^ C° for each individual derivative 
of u showing up in C e .) 

(a) £+1 Straightforward calculation shows that 

l|dtfr|lw'.p(Z 3(! + 2 ) 

< ||dT||cf2< di \\u\\%(z 3t+2 ) W d t u \\w l ^(z 3l+2 ) + W d t F \\w'^(z M+2 ) 

+ 2 ll r llc« d l IMIc<(Z 3<+2 ) (\\ d t U Ww'.P(Z ;ie +2) + \\ d t d t u \\wi,P(Z ;ie +2)) 

< a e+1 + \\d t F\\ we , p 

for some constant ai + i = a>£+i(p, iio,\\T\\Q2e+2,\\F\\ w e, P ). The first inequality 
follows from the identity (18) and the last two estimates of corollary 5.5 with 
constant dg. Notice the difference between the standard C l and the parabolic 
C £ norms. To obtain the second inequality we applied (25) and the induc- 
tion hypotheses (&) e and (c) e to estimate the W i ' p norms of d t u and d t d t u, 
respectively. Next observe that theorem 1.3 applies by (19) and shows that 
dtu e W/+ 1 ' p (^ +2 ) and 

\\dtu\\ (\\dth\\ + \\ d M\ LP(Z3e+2) ) 

for some constant /i = (i(p, Z^ + 2, Zzi+z)- Now the assumption ||tt|| w i, P < /iq 
and the estimate for d t h conclude the proof of (a)^ +1 . For latter reference we 
remark that (a) £+1 implies similarly to (25) - the estimate 

\\d t u\\ cHZ3e+3) < E e (26) 

for some constant E e = E e (p, /j, Q , ||r|| C 2*+2, UFHy^.p, \\d t F\\ w t, P ). 
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(b) ^ +1 Straightforward calculation using the W^ +1,p estimate for dtu just proved 
and the induction hypotheses (a-c) £ implies that 

\\ d M\w'-,P(Z 3e+3 ) < \\ dT \\ C ^ \\ d t U \\c'(Z 3 e +3 ) \\ d M\w'^(Z 3e+3 ) + \\ d s F \\ W «-»(Z 3e+3 ) 

+ 2 llrllc,* \\d t u\\ c t {Z3e+3) \\dsd t u\\ we , p{Z3e+3) 
< /3 e+1 + \\d s F\\ we , p 

for some constant fy+i = (3i + \{p,no, ||r|| C 2<+2, ||F|| wf , p , \\d t F\\ w e iP ). To obtain 
the first inequality we simply pulled out the C e norms. In the second inequality 
we used (26), the induction hypothesis (b)^ to estimate the W i,p norm of d s u, 
and the induction hypothesis (a,) e , 1 just proved to estimate the W l ' p norm 
of d s d t u. Next observe that theorem 1.3 applies by the identity (24) with Z 3 
replaced by Z 3 e +3 and shows that d s u E yV , ^ 1,p (Z 3 £ +3 ) and 

\\dsu\\ wi+1 , P(Z3e+4) < n (\\d s h\\ we , P{Z3l+i) + ||flt«HiP(z M+4 )) 

for some constant \i = fi(p, Z 3 g +3 , Z 3 i + i). Now use the estimate for d s h. 

(c) £+1 Straighforward calculation shows that 

\\dtd t h\\ wl , p(Z3f+3) < \\d 2 T\\ c2e \\d t u\\ 3 ce \\d t u\\ we , p 

+ 5 ll rfr llc 2 « \\ d t u \\ 2 c- \\d t d t u\\ wetP 

+ 2 ||r|| c « \\dtu\y \\d t d t d t u\\ w e, P + \\d t d t F\\ we , p 
+ 2\\T\\ c2e c' k \\d t u\y\\d t d t u\\ we , p . 

Here all norms are taken on the domain Z 3 e +3 except those involving T which 
are taken over M. Notice that in the first three terms of the sum we simply 
pulled out the C l norms. However, in the last term there appears originally 
the product dtdtu times dtdtu. To deal with this product we applied the first 
estimate of corollary 5.5 (where in both factors u is replaced by dtu). 
Now the C l estimate (26) for d t u and the W i+1 ' p estimate for d t u established 
in (a)^ +1 above prove that 

\\dtd t h\\ we , p{Z3e+3) < 7^+i + \\d t d t F\\ we , p 

for some constant = j e+1 (£,p, yu , ||r|| C 2«+2, ||F|| W *, P , \\d t F\\ w i, P ). Apply 

again theorem 1.3 to see that d t d t u e W^ 1,p (^+3) and 

\\d t d t u\\ we+1 , p(Z3e+4)) < fx {\\d t d t h\\ we , p{Z3e+3) + \\dtd t u\\ LP{Z3i+3 ^j 

for some constant fi = /j,(p, Z 3 i +3 , Z 3 i + i). The estimate for d t d t h then proves (c) 
in the case I + 1. This completes the proof of the induction step and therefore 
of the claim. The claim with t = k proves proposition 5.3. □ 

The following product estimates have been used in the parabolic bootstrap 
iteration above. Recall the definition (15) of the parabolic C k norm. 
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Lemma 5.4. Fix a constant p > 2 and a bounded open subset fl C R 2 with area 
\Q\. Then for every integer k > 1 t/iere is a constant c — c(k, \Q\) such that 

11% • v\\ wk , p <c(\\d t u\\ wk , p WvW^ + \\u\\ ck \\v\\ wk , p ) 

for all functions u,»6 C°°(fi). 

Proof. The proof is by induction on k. By definition of the W t,p norm 

11%* • i>Hw<+i.p ^ ' v \\wt,p + ||%% • v + d t u ■ dtv\\ w t, P 

+ \\d t dtd t u ■ v + 2d t d t u ■ % + % ■ d t d t v\\ w t, P (27) 
+ \\d s d t u -v + d t u- d s v\\ we , p . 

Case k = 1. Estimate (27) for i = shows that 

11% • v\\ wl , p < (\\d t u\\ p + \\d t d t u\\ p + \\d t d t d tU \\ p + \\d s d t u\\ p ) \\vWn 

+ (\\d t u\\ 00 + 2\\d t d t u\\ 00 )\\8 t v\\ p 

+ ||$«|| 00 (||W| P + ||MI P ) 
and this proves the lemma for k = 1. 

Induction step k => k + 1. Consider estimate (27) for £ = k, then inspect the 
right hand side term by term using the induction hypothesis to conclude the 
proof. To illustrate this we give full details for the last term in (27), namely 

11% ' d s v\\ wk , p < c(\\d t u\\ wk , p WdsvW^ + \\u\\ ck \\d s v\\ wk , p ) 

< c(c'\n\ \\d t u\\ ck \\d 

< c(c' \n\ \\u\\ ck+1 \\v\\ w2 , p + \\u\\ ck \\v\\ wk+1 , p ) . 

Step one is by the induction hypothesis. In step two we pulled out the L°° norms 
of all derivatives of %t and for the term d s v we used the Sobolev embedding 
Y\) 1,p C W 1 ^ C° with constant c'. Here the assumptions p > 2 and Q, 
bounded enter. Step three is obvious. Now W k+1 ' p W 2 ' p since k > 1. □ 

Corollary 5.5. Fix a constant p > 2 and a bounded open subset £1 C R 2 . Then 
for every integer k > 1 there is a constant d = d(k, such that 

11% • %ll W fc,P ^ IMIe fc ll^ M llw fc .p 
||%t • d t d t u\\ wk}P < d k \\u\\ ck (\\d t u\\ wk}P + ||9 t %t|| wfc , p ) 

\\d t u ■ % • d t u\\ wk , p < d k \\u\\l k ||%i|| W fc, P 

for every function u e C°°(£i). 

Proof. All three estimates follow from lemma 5.4. To obtain the first and the 
second estimate set v = %t and v = d t d t u, respectively, and use that 

ll%lloo < IMIc* ' II Wloo < NIC* ■ 

To obtain the third estimate set v — %t • %t and use in addition the first 
estimate of corollary 5.5. □ 

Proof of theorem 1.4- The W k+1 ' p norm of u is equivalent to the sum of the 
yyfe.P norms f Uj d tUj Q gUj anc l d t d t u. Apply proposition 5.3 (i-iii)- □ 
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